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Abstract In this paper generalized type-I, generalized quasi type-I, generalized pseudo
type-I and other related functions over cones are defined for a vector minimization prob-
lem. Sufficient optimality conditions are studied for this problem using Clarke’s generalized
gradients. A Mond-Weir type dual is formulated and weak and strong duality results are
established.
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1 Introduction

Convexity plays a key role in optimality and duality of mathematical programming prob-
lems. Various attempts have been made during the past several decades to weaken convexity
hypothesis [2,11,12]. In this endeavor, Hanson [6] defined a new class of functions with
applications to optimization theory, which was called the class of invex functions by Craven
[5]. Kaul and Kaur [8] called these differentiable invex functions as n-convex and studied
their generalizations namely n-pseudoconvex and n-quasiconvex functions. In a very recent
work, Antzak [1] considered n-approximation method for solving a nonlinear constrained
mathematical programming problem involving invex functions. Khurana [9] introduced dif-
ferentiable cone-pseudoinvex and strongly cone-pseudoinvex functions as a generalization
of pseudoinvex functions.
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Based on the work of Craven [4], Reiland [13] extended the concept of invexity to non-
smooth Lipschitz functions. Yen and Sach [19] defined cone-generalized invex and cone-
nonsmooth invex functions. Suneja et al. [17] introduced the concepts of cone-nonsmooth
quasi invex, cone-nonsmooth pseudo invex and other related functions in terms of Clarke’s
[3] generalized directional derivatives and used them to obtain optimality and duality results
for a nonsmooth vector optimization problem.

Hanson and Mond [7] introduced two classes of functions called type-I and type-II as
generalizations of invex functions. Rueda and Hanson [14] defined pseudo type-I and quasi
type-I functions and obtained sufficient optimality conditions for a nonlinear programming
problem. Zhao [20] gave Karush-Kuhn Tucker type sufficiency conditions and duality results
in non-differentiable scalar optimization problems under type-I functions.

Suneja et al. [18] investigated optimality and duality results under generalized type-
I assumptions for nonsmooth multiobjective fractional programming problems. Kuk and
Tanino [10] studied optimality and duality results for a nonsmooth multiobjective optimiza-
tion problem involving generalized type-I functions.

In this paper, we introduce generalized type-1, generalized quasi type-I, generalized pseudo
type-1, generalized quasi pseudo type-I and generalized pseudo quasi type-I functions over
cones, for a nonsmooth vector optimization problem using Clarke’s generalized gradients of
locally Lipschitz functions. Sufficient optimality conditions are established and a Mond-Weir
type dual is associated with the optimization problem. Weak and strong duality results are
proved for the pair under cone generalized type-I assumptions.

2 Preliminaries and definitions

Let K € R™ be a closed convex cone with non empty interior and int K and K denote the
interior and closure of cone K respectively. The positive dual cone K™ of K is defined as

Kt ={y* eR™: (y,y*) >0, forally €K]}.
The strict positive dual cone K57 is given by
KSt = {y*eR™:(y,y* >0), forally €K\{0}}.

A real valued function ¢: R" — R is said to be locally Lipschitz at a point u € R" if there
exists a number £ > 0 such that

llo(x) — eIl = £llx = X[,

for all x, X in a neighbourhood of u. A function is said to be locally Lipschitz on R, if it is
locally Lipschitz at each point of R".

Definition 1 [3] Let ¢: R®™ — R be locally Lipschitz, then ¢°(u; v) denotes the Clarke’s
generalized directional derivative of ¢ at u € R" in the direction v and is defined as

ga()(u. V) — lim sup (p(y + tV) - (/’(Y) )

y—u t
t—0

Clarke’s generalized gradient of ¢ at u is denoted by d¢(u) and is defined as
9p (u) ={E€R": ¢° (u;v) > (§,v), forallveR"}.

Letf:R™ — R™ be a vector valued function given by f = (f1,f>, ..., f), fi : R® — R. Then
f is said to be locally Lipschitz on R" if each fj is locally Lipschitz on R". The generalized
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directional derivative of a locally Lipschitz function f : R® — R™ at u € R" in the direction
v is given by

fo(u; V)= {f?(u; v), fg(u; V), .on, fg(u; v)}.
The generalized gradient of f at u is the set
of (w) =af; (w) x --- x ofy (u),
where 0fj(u) is the generalized gradient of fj atu,i = 1, 2,..., m.

Every element A = (r1, 17, ..., rm) € 3f(u) is a continuous linear operator from R" to R™
and

Au= ((r;,u), ..., {rm,u)) € R™, forallu € R".

The following properties of Clarke’s generalized gradient shall be used in the paper.

Lemma 1 (i) Iff; : R® — R is locally Lipschitz then, for eachu € R,
£ (u; v) = max{(&, v) : £ € 0fi(w)}.

(ii) Let f; (i = 1, 2, .... n) be a finite family of locally Lipschitz functions on R", then > \'_ | i
is also locally Lipschitz and

n n
d (Z fi) (u) C Z dfi(u), foreveryu € R".

i=1 i=1
We consider the vector minimization problem

(VP) K-minimize f (x)
subjectto — g (x) € Q.

where f :R" — R™, g : R" — RP are locally Lipschitz functions on R", K and Q are closed
convex cones with nonempty interiors in R™ and RP respectively.

Let Xg = {x € R": —g(x) € Q} be the feasible set of (VP).

For the vector optimization problem (VP), the solutions are defined in the following sense.

Definition 2 Let X € X, then

(i) xis called a weak minimum of (VP) if for all x € X, f(X) — f(x)¢int K.
(i) X is a minimum of (VP) if for all x € Xp, f(X) — f(x) ¢ K/{0}.
(iii) X is a strong minimum of (VP) if for all x € Xp, f(x) —f(X) € K.
(iv) X is called a Benson proper minimum of (VP) if

(—K) Ncleone (f(Xo) + K — f(x)) = {0}

Yen and Sach [19] defined K-generalized invex and K-nonsmooth invex functions as given
below:
Let f: R"™ — R™ be a locally Lipschitz function on R".

Definition 3 [17,19] f is said to be K-generalized invex at the point u € R" if there exists
n:R™ x R" — R" such that for every x € R", A € df(u)

f(x) —f(u) —Anp(x,u) € K.
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Definition 4 [17,19] f is said to be K-nonsmooth invex at u € R", if there exists  : R® x
R"™ — R" such that for every x € R", f(x) — f(u) — f°(u; ) e K.

The above defined functions are respectively called K-invex and K-invex in the limit by
Yen and Sach [19].

We now introduce generalized type-I and nonsmooth type-I functions over cones for the
problem (VP):

Definition 5 (f, g) is said to be (K x Q) generalized type-I at the point u € R", if there exists
n: Xo x R™ — R" such that for every x € X( and A € 3f(u), B € dg(u),

f(x) —f(w) —An(x,u) €K (1)
—g —=Bn(x,u) €Q. 2

Definition 6 (f, g) is said to be (K x Q) nonsmooth type-I at u € R", if there exists
n: Xp x R" — R" such that for every x € Xy

fx)—f -2 @wn ek
—g@ —g’(uneqQ.

Remark 1 Iff:R" — Rand g: R" — R™, K = Ry and Q= R then the above definition
reduces to type I invex functions defined by Sach et al. [15].

Lemma 2 If(f, g) is (K x Q) generalized type-1 atu € R" with respectton : Xo x R"® — R"
then (f, g) is (K x Q)-nonsmooth type-1 with respect to same 1.

Proof Let (f, g) be (K x Q) generalized type-I at u € R", with respectto n : Xgp x R" — R"
then for every x € R", for all A € 9f(u), B € dg(u),

fx)—f(uw) —Anx,u) €e K

and —g (u) — By (x,u) € Q.
For each index i € {1, 2, ..., m}, choose Vj € df;(«) such that

(Vi.n) = sup{(v;, ) : vi € dfi(w)} =1£(u: n)
then A = (V1, V2, ..., V) € 8f(u) and f(x) — f(u) — An(x; u) € K which implies that,
f(x) —f) -1 n ek

Similarly, for each j € {1, 2,...,p} we can choose w; € dgj(u) and obtain B=(w,wWa,...,
wp) € 9g(w).

Thus —g(u)—Bn(x,u) € Q,
which gives that

—g—g°n eqQ.

Hence (f, g) is (K x Q) non smooth type-I at u, with respect to same 7.
The following example shows that the converse of the above lemma is not true. O

Example 1 Consider the problem (VP) wheren = 1,m = 2,p = 2,

K={xy):x <y} and Q ={(x,y):x >y}.
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27
Let
x—1, x<0 X—x3, x<0
fix) = [_1, x>0 Hx) = [0’ x>0
(x) = 14+x, x<0 (x) = 2, x <0
g1(x) = 1, x>0 &80 = 2—-x2%, x>0

then —g(x)eQ = x <1
Therefore the feasible set becomes Xg= {x e Rix < 1}.
Definen : Xo x R - Rasn(x,u)=(x — u)3.
0, v<0
— 0 _ 1Y
Now, df1(0) =10, 1], {7 (0, v) = v. v>0
0, v<O
06(0)=[0.1]. £50.v) = [V, V=0

therefore

f(x) —£(0) — 2 (0; ) € K.

Further —g(0) — gO(O; n) € Q, for every x € Xp.
Hence (1, g) is (K x Q)-nonsmooth type I atu = 0.
However, for Ay =1 € 3f1(0), Ary=1 € df(0)andx =1€Xo, A = (A}, Ay)

-1 -1
f(x) — f(0) — An(x,0)= { —, — K.
(x) —1(0) — An(x, 0) (4 2)¢
Thus, (f, g) is not (K x Q) generalized type-I at u = 0, with respect to n defined above.

Remark 2 1f f is K-generalized invex and g is Q-generalized invex at u € R" with respect to

same 1 : Xog X R" — R", then (f, g) is (K x Q) generalized type-I at u. However the converse
is not true as can be seen from the following example.

Example 2 Consider the problem

K-minimize f(x)
subjectto — g(x) €Q,

f:R—R% g:R— R% f(x) = (fi(x), h(x)), gx) = (21(x), g2(X)),
K={xy:x<0,y<—x}andQ = {(x,y): x <y, y > 0}.

Let
] x x <0 ) I+x, x<0
fix) = ’_Xz, x>0 Hhx)= [1’ x>0
. —x243, x<0 _]0, x<0
g1(x) = X +3. x>0 g (x)= ~X x>0

then, —g(x) € Q = x > —,/ 3. Hence Xp= { x e R: > —/ 3}
Here 0f1(0) =10, 1], 9f(0) = [0, 1], 9g;(0) =[O0, 1], 9g,(0) =[—1/2, 0]
Definen : Xg x R > Rasn(x,u)=(x — u)2.

Then, (f, g) is (K x Q) generalized type-I at u = 0, with respect to n defined above.

As  f(x) —f(0) — An(x,0) € K, forevery x € Xg, A € 3f(0)
and —g(0) —Bn(x,0) € Q,foreveryx € XpandB € dg(0).
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Further, for B; :% € 0g1(0),By = _Tl € dgx(0)and x =1¢€ X,
1 -1
gx)—g0—-Bnx,00 =5, —/ ) ¢Q
2 4
Therefore (f, g) is not (K x Q) generalized invex atu = 0.

Remark 3 If K = R}, Q = Ri and (f, g) is (K x Q) generalized type-I with respect to n
then (f, g) is type-I [10] with respect to same . However, the converse fails as can be viewed
from the following example.

Example 3 The pair (f, g) considered in Example 2 has been proved to be (K x Q) generalized
type-I with respect to 1(x, u) = (x —u)2. However (f, g) is not generalized type I with respect
to same 7, because, for x =1 € Xp, A = %, fi(x) — f1(0) — Ain(x,0)= _73 < 0 and for
B = %,

—13
—81(0) =Bin (x,0) =—= <0.

Based on the lines of Soleimani-damaneh [16] we now introduce various generalizations of
(K x Q) generalized type-I functions.

Definition 7 (f, g) is said to be (K x Q) generalized pseudo type-I at u € R" if there exists
n: Xo x R" — R" such that for all x € Xy, some A € 3f(u), B € dg(u),

—An(x,u) ¢ intK = —(f(x) —f(u)) ¢ int K.
—Bn(x,u) ¢intQ = g(u) ¢ int Q.

In other words,
(f, g) is said to be (K x Q) generalized pseudo-type-I at u € R", if there exists
n: Xo x R™ — R such that for every x € X and for all A€ 9f(u), B € dg(u),

f(u)—f(x) eintK = —An(x,u) € int K.
g(u) €intQ = —Bn(x,u) € int Q.

Definition 8 (f, g) is said to be (K x Q) generalized quasi type-I at u € R", if there exists 7
: Xo x R" — R" such that for every x € Xo, for all A € 3f(u), B € ag(n)

f(x) —f(u) ¢intK = —An(x,u) e K
—g@ ¢intQ = —Bn(x,u) €Q.

Definition 9 (f, g) is said to be (K x Q) generalized pseudo quasi type-I at u € R", if there
exists 17 : Xg x R" — R™ such that for every x € Xy, for all A € df(u), B € dg(u)

f(u) —f(x) eintK = —An(x,u) € intK
—g(u) ¢ intQ = —Bn(x,u) €int Q.

Definition 10 (f, g) is said to be (K x Q) generalized quasi pseudo type-I atu € R", if there
exists 17 : Xg x R" — R™ such that for every x € X for all A € 9f(u)

f(x) —f(u) ¢intK = —An(x,u) e K
—Bn(x,u) ¢ intQ = g(u) ¢ int Q, for some B € dg (u).
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Definition 11 (f, g) is said to be strictly (K x Q) generalized pseudo quasi type-I atu € R",
if there exists 1 : Xo x R™ — R", such that for every x € X, for all A € 9f(u), B € dg(u)

fluy—f(x) e K = —Anp(x,u) € intK
—g() ¢intQ = —Bn(x,u) € Q.

Definition 12 (f, g) is said to be strongly (K x Q) generalized pseudo quasi type-I atu € R",
if there exists 1 : Xo x R™ — R" such that for every x € Xo,

—An(x,u) ¢ intK = f(x) — f(u) € K, for some A € 9f (u)
—g@) ¢intQ = —Bn(x,u) € Q,forall B € ag(u).

We now give an example of a function which is (K x Q)-generalized pseudo type-I but not
(K x Q) generalized type-I.

Example 4 Consider the problem

K-minimize f (x)
subject to — g (x) € Q,

where f: R— R?, g : R — R?, f(x) = (f1(x), f2(x)), g(x) = (g, (X), g, (X))

K ={xy:y<x,x >0},Q0={(xy) :y<—x}
2 1
CRS VIR
X, Xx <1 0 X <1
gl(x)=[17X>12(x) ‘—X—i—l,XZl

Now —g(x) € Q = 0 < x < 2, therefore the feasible set is
Xo={x eR:0<x <2}.

Here of; (1) =[—1, 0], af2(1) = [0, 1], 9g;(1) =[O0, 1] and ag,(1) =[—1, 0]

Define n : Xo xR — R as n(x,u):x2 —u?

Then (f, g) is (K x Q) generalized pseudo type-I at u = 1, with respect to 1 because for
A=(—1,1)eaf(1)

—An(x,1) ¢ intK = — (f(x) —f(1)) ¢ intK

and for B=(1, —1) € ag(1), —Bn(x, 1) ¢ int Q = g(1) ¢ int Q.
On the other hand,
for A = (=1,0) and x =3 € Xo,

319
f(x) — (1) — An(x,1) = (4 3 ) ¢ K.

Hence (f, g) fails to be (K x Q) generalized type-1.
We now give an example to show that (K x Q) generalized pseudo quasi type-I function
may fail to be (K x Q) generalized type-I.
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Example 5 Consider the problem

K-minimize f(x)
subject to — g(x) € Q,

where K={(x,y) : x>0,y <x},Q={(x,y) : x <0,y < —x}.
f:R—R% f=(f;,f);g:R —> R% g= (g1, &)

1, x <0 x—2 x<0
fl(x):[—x—i—l x>0f2("):[—2 x>0

X, x<0 0, x<0
g1 = x> x>0g2(x)= x> —x2x>0

Then, —g(x) € Q = x > 0, therefore the feasible set is Xg={x €R : x > 0}.

Here 0f;(0) =[—1, 0], 9f2(0) =[O0, 1], g, (0) =[O0, 1], 9g,(0) = {0}

Define i : Xo x R — Ras n(x,u) =x° — u’.

Then (f, g) is (K x Q) generalized pseudo quasi type-I at u = 0 with respect to n because,
for A= (—1, 1) € 9f(0)

—An(x,0) ¢ intK = — (f(x) — £(0)) ¢ intK

and —g(0) ¢ int Q, = —Bn(x, 0) € Q, for all x € X, B € 9g(0).
However, (f, g) fails to be (K x Q) generalized type-I atu = O because for A = (— %, %) € af(0)
and x =1 € X, we have

-1 -1
f(x) —f(0) — An(x,0) = (7, 7) ¢ K

3 Optimality conditions
Suneja et al. [17] gave the following necessary optimality conditions for (VP).

Theorem 1 [17] (Fritz John type necessary optimality conditions). Let f be K-generalized
invex and g be Q-generalized invex at xg € Xq with respect to same 1 : R"x R" — R". If
(VP) attains a weak minimum at X then there exist A € K¥, u € QT not both zero such that

0 € 9 (AD) (x0) + 9 (1g) (x0) 3)
and
pg(xo) =0 “)

Definition 13 The problem (VP) is said to satisfy generalized Slater constraint qualification,
if there exists X € R™ such that —g(X) € int Q.

Theorem 2 [17] (Kuhn-Tucker type necessary optimality conditions). Let f be
K-generalized invex and g be Q-generalized invex at xo € Xo with respect to same n :
R"xR"™ — R™. Suppose that generalized Slater constraint qualification is satisfied. If (VP)
attains a weak minimum at X, then there exist 0% A= € K*, u € QT such that (3) and (4)
hold.

We now obtain sufficient optimality conditions for (VP).
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Theorem 3 Let (f, g) be (K x Q) generalized type-I at xg € Xq with respect to n: Xo x R" —
R™ and suppose that there exist 0 # 1* € Kt, u* € QF, (A*, u*) #0 such that

0 €9 (A*f) (x0) + 3 (1*g) (x0) )
g (xo) =0 ©6)
Then xg is a weak minimum of (VP).
Proof Let if possible xo be not a weak minimum of (VP). Then there exists x € X such that
f(xg) —f(x) € intK 7
By virtue of (5), there exist x* € d(A*f)(xg), y* € 3(u*g)(Xo) such that
X +y* =0 ®)

Since (f, g) is (K x Q) generalized type-I at xg € X,
Adding (1) and (7) we get,

—An(x,x0) € intK, forall A e df(xo),
since A* € KT, we have
AAn (x,x0) <0, forall A € af(xq).
As x* € d(\*f(x9)) = A*9f(x0), we get
x*n (x, x0) < 0.

Now using (8) we have —y*n(x, xo) < 0.
y*ed(u*g)(xo) = pn*ag(xp), we get y* = u*B*, for some

B* € 0g (x¢) .
Thus,
— w*B*n (x, x9) < 0,B* € dg (xo) . )

Now u* € QT, therefore from (2) we have, —u*(g(xg)) —*Bn(x, xg) >0, forall Be dg(xo),
which on using (6) gives —u*Bn(x, x9) > 0, for all B € dg(xq).
This is a contradiction to (9). Hence Xx¢ is a weak minimum of (VP). O

Theorem 4 Let (f, g) be (K x Q) generalized pseudo quasi type-I at Xg € Xo with respect to
n: Xo x R® = R" and suppose there exist \* € KT, u* e QF, (A*, u*) # 0 such that (5),
(6) hold, then xq is a weak minimum of (VP).

Proof Let if possible xg be not a weak minimum of (VP) then there exists x € Xy such that
(7) holds.
In view of (5) there exist x* € 3(A*f)(Xp), y* € d(u*g)(Xp) such that (8) is satisfied.
Since (f, g) is (K x Q) generalized pseudo quasi type-I at xg € X, therefore, from (7) we
have

—An(x,x0) €intK, forall A € f (xo).
Now, A* € KT, gives

ATAN (x,x0) <0, forall A € af (xg)
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which implies,
X (x,x0) <0 asx* € 9 (A*f) (xo) . (10)
From (6), n*g(x0) = 0, which gives —g(xg) ¢ int Q
= —Bn(x,xp) € Q, forall B € dg(xp) as (1, g) is (K x Q) generalized pseudo quasi type-I
at xg.
= w*Bn(x,xp) <0asu*eQF
= ¥Y'n(x,x0) <0,as y* € d(*g)(xo)

which on using (8) gives x*n(x, xg) > 0.
This contradicts (10), hence X is a weak minimum of (VP). O

Theorem 5 Let (f, 2) be (K x Q) generalized type-1 at xg € Xq with respect ton : Xg xR" —
R™ Suppose there exist \* € KSt, u* € QF, (A*, u*) £ 0, such that (5) and (6) hold. Then
Xq is a minimum of (VP).

Proof Let if possible, xg be not a minimum of (VP), then there exists x € Xq such that
f(xo) — f(x) € K/ {0} (11)

As (5) holds, there exist x* € 3(A*f)(xg), y* € d(*g)(Xo) such that (8) holds.
Since (1, g) is (K x Q)-generalized type-I at xg € Xo, therefore proceeding on the similar
lines as in proof of Theorem 3 and using (11) we have

—An (x,xp) € K.

As A* e K5, A* > 0, we have
A*An (x,xg) < 0, forall A € of (xq) .
This leads to a contradiction as in Theorem 3. Hence X( is a minimum of (VP). ]

Theorem 6 Let (f, g) be strictly (K x Q) generalized pseudo quasi type-I at xg € Xo with
respect to  : Xo x R® — R™. Suppose that there exist \* € K*, u* € QF, (A*, u*) # 0 such
that (5) and (6) hold. Then xq is a minimum of (VP).

Proof Tt follows from (5) that there exist x* € 9 (A*f) (xo) y* € (u*g) (Xo) such that (8) holds.
Let if possible xg be not a minimum of (VP) then there exists x € Xp such that (11) holds.
Since (f, g) is strictly (K x Q) generalized pseudo quasi type-I, therefore, we have

—An (x,xp) € int K, for all A € 9f (x¢) .

Proceeding on the same lines as in proof of Theorem 4, we arrive at a contradiction. Hence
X is @ minimum of (VP).
Proceeding on the lines of the above theorem the following result can be proved. O

Theorem 7 Let (f, ) be (K x Q)-generalized type I at xg € X with respectton : XogxR" —
R" and suppose that there exist \* €K, u* e Q*, (A*, u*) # 0 such that (5) and (6) hold
then Xg is a minimum solution of the scalarized problem

(V Pyx) minimize (A*f) (x)
subject to —g(x) € Q
A* e KST

and is a Benson proper minimizer of (VP).

@ Springer



J Glob Optim (2011) 49:23-35 33

Theorem 8 Let (f, g) be strongly (K x Q) generalized pseudo quasi type-I at xo € Xo with
respect to ) : Xg x R" — R™ and suppose that there exist \* e K¥, u* e Q*, (A%, u*) #0
such that (5) and (6) hold. Then X is a strong minimum of (VP).

Proof By virtue of (5), there exist x* € 9(A*f)(xg), y* € d(u*g)(xo) such that (8) holds.
Let if possible xo be not a strong minimum of (VP), then there exists x € Xg such that
f(x) —f(x0) ¢ K.
(f, g) being strongly (K x Q)-generalized pseudo quasi type-I at xg, we have

—An (x,Xp) € int K.

Now as in Theorem 4 we arrive at a contradiction, thus proving that xg is a strong minimum
of (VP). O

4 Duality

We now consider the Mond-Weir type dual of the vector optimization problem (VP).
(VD) K-maximize f(u)
subject to

0 €9 () (w) + 9 (ng) (W
pg () =0 (12)
0#£#1eK™, neQt

Theorem 9 Weak duality. Let x be feasible for (VP) and (u, ., 1) feasible for (VD). Let (f,

2) be (K x Q) generalized type-1 at u with respect to n : Xg x R® — R" and (A, n) # 0,
then f(u) — f(x) ¢ int K.

Proof Since (u, A, i) is feasible for (VD) therefore by (12) there existx* € 3(Af) (u), y* € 3(ug) (u)
such that

x* +y*=0. (13)
Let if possible f(u) — f(x) € int K (14)
O

Now (f, g) being (K x Q) generalized type-I at u we have
Adding (1) and (14) we have

—An(x,u) € K, forall A € df(u).
As e KT, we get
Mn(x,u) <0
which implies
xX*n(x,u) <0, asx*ed ) (u).

By (13) we have —y*n(x, u) < 0.
Since y* € d(ug)(u), we obtain y* = uB*, B* € dg(u).
Thus we have

— uB*n(x,u) < 0. (15)
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From (2) we get
—pg(u) — uB*n(x,u) > 0,as p e Q"
Since u is feasible for (VD), we get
—puB*n (x,u) > 0,
which contradicts (15). Hence f(u) —f(x) ¢ int K.

Theorem 10 Weak duality Let x € Xg and (u, X, i) be feasible for (VD), (f, g) be (K x Q)
generalized pseudo quasi type-I at u with respect to n : Xog X R™ — R" and (A, ) # O then
f(u) —f(x) ¢ int K.

Proof The theorem can be proved on the lines of sufficient optimality Theorem 4. O

Theorem 11 Strong duality Suppose that (VP) attains a weak minimum at Xo and generalized
Slater constraint qualification is satisfied. Let (f, g) be (K x Q) generalized invex at xo with
respect to n : R® x R" — RY, then there exist 0 # Ao € K, o € QT such that (xo, ro, o)
is a feasible solution of (VD). Further if the conditions of Weak Duality Theorem 9 hold for
all x € Xg and feasible (u, A, 1) of (VD), then (Xo, Ao, Lo) is a weak maximum of (VD) and
the values of objective functions for (VP) and (VD) are equal.

Proof As X is a weak minimum of (VP), by Theorem 2, there exist 0 # 1o € K+, uge Q*
such that

0 € 9 (of) (x0) + 9 (10g) (X0)

and

rog(x0) =0,

which clearly shows that (xg, 1o, o) is a feasible solution of (VD) and the values of two
objectives functions are equal. Further if (xg, Ao, /£0) is not a weak maximum of (VD), then
there exists a feasible solution (u, A, ) of (VD) such that

f(u) —f(xp) € int K,

which contradicts Theorem 9. Hence (xg, Ag, (10) is @ weak maximum of (VD). ]
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